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We obtain an asymptotic formula for A., q, the number of digraphs with n labeled vertices, q 
edges and no cycles. The derivation consists of two separate parts. In the first we analyze the generat- 
ing function for A., q so as to obtain a central limit theorem for an associated probability distribution. 
In the second part we show combinatorially that A., q is a smooth function of q. By combining these 
results, we obtain the desired asymptotic formula. 

1.  I n t r o d u c t i o n  

A n  acyclic d ig raph  is a di rected g raph  tha t  conta ins  no di rec ted  cycles. Let  
A,,,q be the number  o f  acyclic d igraphs  wi th  n labeled vertices and  q unlabeled edges. 
The  generat ing function for A , = ~ '  A,,~ was ob ta ined  by  Rob inson  [6] and  Stanley 

q 

[7]. They also ob ta ined  the a sympto t i c  formula  

n !2  N 
(1.1) A.-- 

MQ" ' 

f,,'l 
where  ~=1.48807854. . .  and  M = . 5 7 4 3 6 2 3 7  .. . .  (See also Liskovets  [4].) 

In  fact, Rob inson  [6, (19)] developed a convmgent  series for  A , .  W e  extend (1.1) to  
A,,q in the fol lowing theorem,  but  are  unable  to ob ta in  a convergent  series. Through-  

this pape r  we let N denote  [ ~ ) a n d  let f (x, y) denote .%Y ( -  l)"x" out  
= n ! ( l + y ) N  " 
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Theorem 1. Let 
all large n. Then 

(1.2) 

where 

e > 0  be given and suppose q=q(n)  satisfies eN<=q<-(1-e)N for 

[N] e -w=" 
A, , ,~n!  tq]  f(v~,,-~.+l 

q N -  q vQf(v~Q, r) 
F - -  1~ - - - -  W - -  

N -  q ' N ' 2f(ve, r) 

and 0 = Q (r) > 0 is the smallest solution of  the equation f (& r) = O. 

Properties of f which ensure the existence of f (vo,  r), f ( v ~ ,  r) and 0(r) are 
deferred to the next section. 

Stanley [7] observed that A,,q=M,,,q(-1), the sum of the chromatic poly- 
nomials of all the (n, q)-graphs evaluated at - 1 ; however, (1.2) differs considerably 
from the asymptotics tbr M,,,q(k) with k > 0 ,  obtained by Wright [8]. This is to be 
expected because the generating function for M,,,q(k) has the form f ( x ,  y)k, which 
has poles when k < 0  and not when k>0 .  

In the next section we summarize some known results concerning the generat- 
ing function for A,,,~. Using these results in Section 3, we obtain a central limit theo- 
rem for the random variable X,(r) where Pr {X,,(r)=m} is proportional to A,,,,r m. 
We do not have enough information about the generating function to obtain a local 
limit theorem. In Section 4 we prove combinatorially that A,,,q+k~A,,qr -k when- 
ever k=o(n) .  Finally, we combine our analytic and combinatorial results to prove 
a local limit lheorem and lhus Theorem 1. Local limit theorems have been used pre- 
viously to obtain asymptotic results for enumeration problems; however, this is the 
first instance we are aware of where it was found necessary and possible to combine 
an analytically derived central limit theorem with a purely combinatorial argument. 

2. Properties of the generating function 

Define 

N ~o A,,(y)x" A , ( y ) =  ~A, ,uyq  and A ( x , y ) =  n ! ( l + y ) N .  
¢/=0 = 

Robinson [6, (10) and Cot. 1] proved that 
1 

A(x, y) = f ( x ,  y)" 

The function f ( x ,  y) is analytic at all (x, y) such that [1 +y] > 1. For convenience set 
2 =  I/(I +y). It is easily seen that 

(2.1) f~(x, y) = - f ( 2 x ,  y) and fy(x, y) = - 22x~f(22x, y)/2. 

Let t be any positive real number. By results of  P61ya and Schur [5] and Laguerre [3], 
the zeros o f f ( x ,  t) are all distinct positive reals. For details see [6, pp. 256--258]. 
Only the case t = 1 was dealt with there, but the extension to positive real t is imme- 
diate. 
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For every complex y with I1 + y  I> 1, we may let x =  Q(y) be a zero o f f ( x ,  y) 
of least absolute value (since f ( x ,  y)~O its set of zeros cannot have a finite limit 
point). For any set R of real numbers, let Re be those complex numbers y with 
Iy--r]<6 for some rER. 

Lemma 1. Let C(y)=  1/f(2~(y), y)~(y) and let R be a closed subinterval of(O, ~). 
There is a 6 > 0  such that whenever yERo and Ix]<= [~(Y)I +6 

C(y) 
(2.2) h (x, y) := A (x, y) 1 - x/Q (y) 

is analytic for x ¢ Q (y) and can be extended to be analytic for x = Q (y). 

Proof. We can assume that ]x[ is bounded. Since./is continuous, R is compact and 
(as already noted) f ( x , y )  has distinct roots for yER, it follows that f ( x , y )  has 
distinct roots whenever y~Re and ~ >0 is sufficiently small. Since the supremum 
over yER of 

{[xl--[~(y)[:x ~ O(Y) and f ( x , y )  = 0} 

is positive, the same is true for the supremum over y~ Re. Hence, for all sufficiently 
small6, we havethat  if y~Re, Ix]~lO(y)]+6 and f (x ,y)=O,  then x=~o(y). Thus 
0(Y) is well defined. Since [2[< 1, it follows from (2.1) that f~(q(JO, y)~O and so 
O(Y) is analytic by the implicit function theorem. Hence h(x, y) is analytic for x ¢  
#~(y). 

Since fx(o(Y),Y) and fy(Q(y),y) are bolh non-zero, the singularity of 
A (x, y) at x = 0(Y) is a simple pole when x or y is fixed. We have 

lira (l -x /o(y ) )A  (x, y) = - 1/~(y)f,(~(y), y) = C(y) 
x-oO,) 

and thus h is analytic in x for fixed yER~. Implicit differentiation of f ( ~ , y ) = O  
yields 

(2.3) f~(Q(Y), Y)O'(Y) = -£ (e (Y) ,  Y) 
and consequently 

lim (1-Y/yo)h(O(Yo), Y) = O. 
Y~Y0 

Thus h is analytic in y for fixed x. It follows by the theorem of Hartogs that h can be 
made analytic at x=Q(y)  (see H6rmander [2] for example). I 

3. The central limit theorem 

Let X,(r) be a random variable with Pr {X, (r)=m} proportional to A,,mr m. 
The purpose of this section is to prove: 

Lemma2.  Suppose that q=q(n) with O<e<q/N<l -e ,  r=q/(N-q)  and Q(r) 
is as in Theorem 1. There is a function K=K(n)=o(n) such that as n~  oo 

1 q+K--1 e - v ' l  2 
(3.1/ -~- • e r{X, ( r )=  m} ~ ,  

m=q 

2* 
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where 
nro~" (r) Nr 

v - -  a.(r)o~(r)' a" ( r )2 -  ( l + r )  2 

and the rate o f  convergence depends on ~. 

Let 
Nr nrQ" (r) 

p . ( r ) -  l + r  ~(r) 

We will show that the characteristic function of 

X,,(r)-p.(r) 
I1. ( r )  - or. ( r )  

converges pointwise to e -t21°-. This convergence is uniform for all r=r(n)ER, an 
arbitrary closed subinterval of (0, ~). Using a central limit theorem for Y. (r), we then 
establish the lemma. 

We now show that the characteristic function of Y.(r) converges to e -t2/2. Let 
g . ( t ) - log  A.(rd% The logarithm of the characteristic function of X.(r) is 

(3.2) g. (t) - g. (0) = g,', (0) t + g;,' (0) t2/2 + 0 (Mta), 

where M is the maximum modulus ofg.C3)(u) for O<=u<=t and r~R. By Lemma 1, 
the kth derivative of A.(y) is the sum, for j = 0  to k, of 

[tdy) (1 

where [x"] a(x, y) is the coefficient of x" in a(x, y). Also by Lemma 1 the radius of 
convergence of (O/Oy)Jh(x, y) is at least ~(y)+fi for ),~R. For any closed subset R" 
of Ra there is a 61>0 such that p(y)+5=>0(y)(1 +61) for all yCR'. Hence for 
such y the contribution to a derivative of A,(y) from h is exponentially smaller than 
the other term, so we may ignore it asymptotically. We find that for reStER', 

iNr inrdtQ" (rd t) 
g,'(t) = r+e_ii o(re") t-O(1) 

Nre- st 
g', '(t)- (r+e_,)  ~ t-O(n) 

g(3) (t) = O (n2). 

By (3.2), 

when t = o (n- z/a) 

g,(t)-g,(O) = ip,,(r)t-a,(r)2tz/2 +o(1), 

uniformly for rCR. The characteristic function of Y,(r) is 

exp g. - ~  - a.(r) g(O) ~e-':i* 
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provided t=o(n-O4sa.(r)). This constraint allows t ~  ~o since ~z.(r) grows like n. 
This proves lhe pointwise convergence of the characteristic function, uniformly in r. 

The continuity theorem [1, p. 52, Thin 2] states, in the real case, that if d.(t) is 
the characteristic function of a distribution function F. and d.(t) converges point- 
wise to d(t) then F.(x) converges for each real x to a distribution function with 
characteristic function d(t). Hence 'we have a central limit theorem for Y. (r); that is, 
the distribution function F.,,(x) of Y.(r) converges pointwise in x, uniformly in y, to 
the distribution function for a normal distribution of  mean 0 and variance 1. Since 
the latter function is uniformly continuous, Theorem 1 of  [1, §9] implies the con- 
vergence of the distribution function is also uniform in x. Thus 

t(b) 

b 1 f e-~/2dx = o(1), (3.3) ,,=~' Pr {X,(r) = m } - - ~ u  t(a) 

where t(k)=(k-p,(r))/~,(r).  This is uniform in a, b and r. There is some function 
s(n)=o(1) such that (3.3) is valid with o(1) replaced by o(s(n)). Define r by q =  
=Nr/(1 +r). Let a=q and K=[nl/s(n)]. It follows that 

1 q÷K--1 1 t(q+K) 
Z Pr(X. ( r )=m}- - - -  f e-x'/2dx+o(s(n)/K). 

m = q  K¢2-~ t(q) 

Since s(n)/K=o(1/n), t(q+K)2~t(q)2=O(1) and t (q+K)-t(q)=K/a,(r) ,  the 
lemma follows. 

4. The combinatorial argument 

Our goal in this section is to prove 

Lemma 3, Let K(n)=o(n) and e > 0  be given. I f  n, q-*o~ in such a way that ~< 
<q]N<l -~, 

uniformly for [k] < K(n) at a rate depending on K(n) and s. 

We begin with some notation. The set of all ordered partitions of {1, 2, ..., n} 
is P, .  For  zc~P,, let ]rc] = s  be the number of blocks of  re, let Bi=Bi(zc), ( i= I . . . . .  s) 
be the blocks of re, and let bi = [Bi [. Let 

g (n) = i and h (r 0 = g (z0 + ~ '  bi bl+l. 
i = 1  i ~ l  

Let D be an acyclic digraph with n vertices. We associate with D the ordered 
partition n(D) of the vertices of D defined inductively as follows: DI=D, Bi is the 
set of sources (vertices with degree 0) of Di and Di+I=Di-B~. The tower of  D, 
T(D), is the vertices of D with all the arcs from B~(rc(D)) to B~+I(r~(D)) for i_->l. 
Let q(T) denote the number of arcs in T =  T(D). For simplicity, we use expressions 
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like g(D) instead of g(n(D)). Note that q(T)<-h(T)-g(T), g(T(D))=g(D) and 
h(T(D))=h(D). 

We will show first that a linear bound on g(T) leads to linear bounds on h(T) 
and q(T). Next we show that most acyclic digraphs have small g(D). Finally, these are 
combined to prove the lemma. 

Suppose that T is the tower of a digraph on n vertices with g(T)<-C~n. By 
the arithmetic-geometric mean inequality for b~ and 2 bi+l, 

Thus 

It follows that 

(4.1) 

(b2) 1 .  (bi+l"l 1 bib,+, <- i +~-bi+[ 2 l+ - fb ;+ t .  

h ( r ) - g ( r )  = Z b~b~+~ < 2 ~ +n  <= (2C~+l)n. 
i=1  i=1  

q(T)<(2C~+l)n and h(T)<(3Cl+l)n.  

Suppose that O<e<m/N<l -5  for all n>no. We will show that there is a 
C2 =- Cz(a, no) such that lhe fraction of acyclic (n, m)-digraphs with g(D)>C2n is less 
than (1 -~)". To deal with n=n0, we require that C2>n2o. The number of acyclic 
digraphs D with g ( D ) = j  is at most 

The number with all b;= 1 is 

I,-~-) tnN) " 
• ~ m  - - n  + 

Thus, when n>no, the fraction is less than 

(4.2) ~ <= C3(3/~)"e-~C2,,, 
j>C2n 

where C~ (5)>0. This is less than (1 -e)" for sufficiently large C2. 
We now prove the lemma. By definition and the previous paragraph, 

(4.3) [N-h(T)]  (N-h(T)]  
A . . . .  = Z ~ Z tm ~ q ~ T ~  Im--q(T)} T g(T) ~_ C2n 

uniformly at a rate depending on 5. We will show that for g(T)<-C2n, 

q + k -  q(T)l ( q -  q(T)) 
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uniformly at a rate depending on K(n), e and Cz. Combining this wilh (4.3) gives the 
theorem. Suppose lhat ]k]<Cn and A, B, A - B > 6 n L  Then by Smlin~, s formula 
and log (1 + u ) = u + O ( u  ~) 

B e (A - B )  A-n 

(B+k)  n+k ( A - B - k )  a-B-k 

= ( - ~ ) k e x p ( O ( k 2 / n 2 ) ) ,  

where the implied constants depend on Cand  6. With A = N - h ( T )  and B = m - q ( T ) ,  
we obtain from (4.1) and log (1 + u ) = u + O ( u  2) 

( ~ B B l k =  [~-~-~)kexp(O(k2/n~")), 

where the implied constants depend on C1 and e. This completes the proof. 

5. Synthesis 

By Lemmas 2 and 3, 

e-v2/z [ q+K--1 q+K--1 
A An, qr q : An, qr q. 

From Darboux's theorem and Lemma 1, A,(r)~n!(1 +r)UQ-"C(r). This is uniform 
in r (recall the discussion after (3.2)). To complete the proof of Theorem 1, set r=y,  
Q=Q(r), 2=v,  noting that v= - n w l / r / N ~  - w l / ~  by (2.1) and (2.3), and that 

( l + r ) N r - q C ( r )  N u ]//-0 + r) ~ (N) 1 
i/~-~ua,(r) -- qq(N-q)U-qQf(2~,  r) V 2 - ~ "  ~J(2C, r)" 
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