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THE ASYMPTOTIC NUMBER OF ACYCLIC
DIGRAPHS. 1
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We obtain an asymptotic formula for 4,, ,, the number of digraphs with n labeled vertices, g
edges and no cycles. The derivation consists of two separate parts. In the first we analyze the generat-
ing function for 4., , soas to obtain a central limit theorem for an associated probability distribution.
In the second part we show combinatorially that A, . is asmooth function of g. By combining these
results, we obtain the desired asymptotic formula.

1, Introduction

An acyclic digraph is a directed graph that contains no directed cycles. Let
A,,, be the number of acyclic digraphs with n labeled vertices and g unlabeled edges.
The generating function for 4, =2 A, ,was obtained by Robinson [6] and Stanley

4
[7]. They also obtained the asymptotic formula

ni2¥

(1'1) AnNW7

where N=(g], 0=1.48807854... and M=.57436237.... (See also Liskovets [4].)

In fact, Robinson [6, (19)] developed a convergent series for 4,. We extend (1.1) to
A, 4 1n the following theorem, but are unable to obtain a convergent series. Through-

out this paper we let N denote [ ] and let f(x, y) denote S’ 'le-)i- ik
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Theorem 1. Let ¢=>0 be given and suppose q=q(n) satisfies eN=q=(1—&)N for
alt large n. Then

N e—wr
1.2 A, wn![ )——
(12 h g) fve, r)e"*!
where
q N—q _ vof(¥®%, 1)

o ) —

“N-¢ TN VT e
and o=0(r)=0 is the smallest solution of the equation f(g, r)=0.

Properties of f which ensure the existence of f'(ve, r), f(v?g, r) and o(r) are
deferred to the next section.

Stanley [7] observed that A4, ,=M, ,(—1), the sum of the chromatic poly-
nomials of all the (n, ¢)-graphs evaluated at — 1 ; however, (1.2) differs considerably
from the asymptotics for M, ,(k) with k=0, obtained by Wright [8]. This is to be
expected because the generating function for M, (k) has the form f(x, )", which
has poles when k<0 and not when k=0.

In the next section we summarize some known results concerning the generat-
ing function for A4, ,. Using these results in Section 3, we obtain a central limit theo-
rem for the random variable X, (r) where Pr {X,(r)=m} is proportional to 4, ,r™.
We do not have enough information about the generating function to obtain a local
limit theorem. In Section 4 we prove combinatorially that A4, ,.,~A, ,+~* when-
ever k=o0(n). Finally, we combine our analytic and combinatorial results to prove
a local limit theorem and thus Theorem 1. Local limit theorems have been used pre-
viously to obtain asymptotic results for enumeration problems; however, this is the
first instance we are aware of where it was found necessary and possible to combine
an analytically derived central limit theorem with a purely combinatorial argument.

2. Properties of the generating function

Define
y < An(y)x
A = A ? d A(x,y) = —_— .
») qé; mg)" 20 (. 7) ,.;; (L4 py

Robinson [6, (10) and Cor. 1] proved that

A%, ) = =t

oy
The function f (x, y) is analytic at all (x, ¥) such that |1 +y|=1. For convenience set
A=1/(1+y). It is easily seen that

@1 file, y) ==f(Ax, y) and f(x,y) =— 22xf (2%, )/2.

Let 7 be any positive real number. By results of Pélya and Schur [S] and Laguerre [3],
the zeros of f(x, t) are all distinct positive reals. For details see [6, pp. 256—258].
Only the case 1=1 was dealt with there, but the extension to positive real 7 is imme-
diate.
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For every complex y with |1 +y|=>1, we may let x=¢(y) be a zero of f(x, »)
of least absolute value (since f(x, y)20 its set of zeros cannot have a finite limit
point). For any set R of real numbers, let R; be those complex numbers y with
[y—r]<é for some rcR.

Lemma 1. Let C(y)=1/f(Ag(»), y)o(y) and let R be a closed subinterval of (0, o).
There is a 6>0 such that whenever y€R; and |x|=[o(»)|+d

c)
1—x/0(»)
is analytic for x# g(y) and can be extended to be analytic for x= ().

(22) h(x’ y) = A (xs y)—

Proof. We can assume that |x| is bounded. Since f is continuous, R is compact and
(as already noted) f(x, y) has distinct roots for y€R, it follows that f(x, y) has
distinct roots whenever y€R; and §=0 is sufficiently small. Since the supremum

over yeR of
{lx|—le|: x = o(») and f(x,y)=0}

is positive, the same is true for the supremum over y€R;. Hence, for all sufficiently
small §, we have that if y€R;, |x|=le(y)|+6 and f(x, y)=0, then x=p(y). Thus
¢() is well defined. Since [A]=<1, it follows from (2.1) that fx(g(y) »)#0 and so
0(») is analytic by the implicit function theorem. Hence h(x, y) is analytic for x3

#0(y)-
Since f.(¢(»),») and f,(o(»),») are both non-zero, the singularity of
A(x,y)at x=g(y) is a simple pole when x or y is fixed. We have

Jim (1=x/e()A(x, y) = =1/e() fx (o), y) = C)

and thus & is analytic in x for fixed y€R;. Implicit differentiation of f{g, y)=0
yields
23) 5o, ) (3) = —=1,(e (), »)

and consequently )
}Ll’l}"l“ (I —y/yo)h(Q(J’o), y) =0

Thus h is analytic in y for fixed x. It follows by the theorem of Hartogs that & can be
made analytic at x=¢(y) (see Hérmander [2] for example). |

3. The central limit theorem

Let X,(r) be a random variable with Pr {X, (*)=m} proportional to A4, ,r"
The purpose of this section is to prove:

Lemma 2. Suppose that gq=q(n) with O<e=<q/N<1—¢, r=q/(N—q) and go(r)
is as in Theorem 1. There is a function K=K(m)=o0(n) such that as n—

1 —ul2
3.1 v 2 Pr{X = m}~m

2%
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where
_onrg’'(n) ., Nr
Y= e PO Wy
and the rate of convergence depends on e.
Let
_ Nr nro’ (r)
lun(r) - 1+1‘ - Q(’.)
We will show that the characteristic function of
_ A,n (7") — Uy (I‘)
MOETEE

converges pointwise to e~*/2, This convergence is uniform for all r=r(n)€R, an
arbitrary closed subinterval of {0, «). Using a central limit theorem for Y, (r), we then
establish the lemma.

We now show that the characteristic function of ¥,(r) converges to e=*/2. Let
g.()—log A,(re"). The logarithm of the characteristic function of X, (r) is

(32 gx()—2.(0) = g, (0} + g7 (0)%/2+O(MF),

where M is the maximum modulus of g (¥) for O0=u=¢ and réR. By Lemma 1,
the kth derivative of 4,(y) is the sum, for j=0 to k, of

n(*) [(%] a +y>~] [(,iy] (CIG) ™) +[¢'] [a—ay] h, y>] ’

where [x"a(x, y) is the coefficient of x" in a(x, y). Also by Lemma 1 the radius of
convergence of (0/0y)h(x, y) is at least g(»)+6 for y€R. For any closed subset R’
of R; thereis a 6,=>=0 such that o(»)+5=0(y)}(1+46,) for all y¢R’. Hence for
such y the contribution to a derivative of 4,(») from % is exponentially smaller than
the other term, so we may ignore it asymptotically. We find that for re"¢ R/,

, iNr inre*o’ (re)

gn(t) = r+e—i: - Q(re“) +0(1)
. Nre~—#

g ()= m+0(")

g () = 0.

By (3.2),
’ 2. () —g,(0) = iy, (Nt —0,(r)*[2+0(1),

when t=o0(n"23) uniformly for r€ R. The characteristic function of ¥,(r) is

¢ i, (r)t A
P [g" ) - (0)] e
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provided t=o0(n"*%,(r)). This constraint allows ¢ since v,(r) grows like n.
This proves the pointwise convergence of the characteristic function, uniformly in r.

The continuity theorem [1, p. 52, Thin 2] states, in the real case, that if d,(r) is
the characteristic function of a distribution function F, and d,{(f) converges point-
wise to d(t) then F,(x) converges for each real x to a distribution function with
characteristic function d(z). Hence we have a central limit theorem for Y,(r); that is,
the distribution function F, ,(x) of ¥,(r) converges pointwise in x, uniformly in y, to
the distribution function for a normal distribution of mean 0 and variance 1. Since
the latter function is uniformly continuous, Theorem 1 of [1, §9] implies the con-
vergence of the distribution function is also uniform in x. Thus

1 t(b)
Vam «{ e dx = o(1),

where (k)=(k—p,(r))/o,(r). This is uniform in @, b and r. There is some function
s(n)=o0(1) such that (3.3) is valid with o(1) replaced by o(s(n)). Define r by g=
=Nr/(1+r). Let a=q and K=[n}s(n)]. It follows that

(3.3) Zb Pr{X,(r) = m}—

1 t(g+K)
K Vﬁ t(a)

Since s(n)/K=o0(l/n), t(qg+K)*~1t(g)*=0(1) and t(q+K)—1t(g)=K/o,(r), the
lemma follows.

%ﬁéﬂPr (X, () =m} = em dx-+ols(/K).

4, The combinatorial argument

Our goal in this section is to prove

Lemma 3, Let K(n)=o0(n) and e£=0 be given. If n, q—< in such a way that e<
<q/N<l —&,

N—g ¥
An,q+k"’[T] Au,q

uniformly for |k|<K(n} at a rate depending on K(n) and ¢.

We begin with some notation. The set of all ordered partitions of {1, 2, ..., n}
is P,. For n€P,, let |r|=s bethe number of blocks of z, let B,=B;(n), (i=1, ..., s)
be the blocks of =, and let b;=|B;|. Let

s@= 3 (5] and hw=g@+ 3 bbi

Let D be an acyclic digraph with » vertices. We associate with D the ordered
partition 7(D) of the vertices of D defined inductively as follows: D,=D, B; is the
set of sources (vertices with degree 0) of D; and D,,,=D,—B,. The tower of D,
T(D), is the vertices of D with all the arcs from B;(n(D)) to B;.,(n(D)) for i=1.
Let g(T) denote the number of arcs in T=T(D). For simplicity, we use expressions
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like g(D) instead of g(n(D)). Note that g(T)=h(T)—g(T), g(T(D))=g(D) and
h(T(D))=h(D).

We will show first that a linear bound on g(T") leads to linear bounds on h(T)
and g(7T'). Next we show that most acyclic digraphs have small g(D). Finally, these are
combined to prove the lemma.

Suppose that T is the tower of a digraph on » vertices with g(T)=C,n. By
the arithmetic-geometric mean inequality for bF and b?, ,

bY 1 b, 1
pibies = () ¢ 50 (75 )5
Thus

s—1 s b
h(T)—g(T)= 2 bbby, <2 2’(2‘]-}—11 = (2C,+n.
=1 i=1

1t follows that
(4.1) g(T) < 2Cy+)n and h(T) < (3C,+ )n.

Suppose that O<e<m/N<1—¢ for all n=>n,. We will show that there is a
C,=C,(g, ny) such that the fraction of acyclic (n, m)-digraphs with g(D)=C,n is less

than (1 —¢)". To deal with n=n,, we require that C,>n}. The number of acyclic
digraphs D with g(D)=; is at most

2d (M) < (V).

The number with all b;=1 is

o 2 ()- (2
‘\m—n+1 e N m 3N ml)’

Thus, when n=>n,, the fraction is less than

“2) (%N] Py (%} = C,(3/e) e,

where C,(g)=0. This is less than {1 —¢)" for sufficiently large C,.
We now prove the lemma. By definition and the previous paragraph,

N—h(T)]N N—h(T)]

(4.3) Anm = ; [m—q(T) sy \m—q(7)

uniformly at a rate depending on &. We will show that for g(T)=C;n,

( N—h(T) )N(N—q)k (N—h(T))

qg+k—q(T) q q—q(T)
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uniformly at a rate depending on K(n), ¢ and C,. Combining this with (4.3) gives the
theorem. Suppose that |k]<Cn and A4, B, A—B=6én* Then by Stirling’s formula
and log (1 +u)=u+0u?)

A

B+k) B® (A—B)*~"
(A) T BTk (A Bk
B

A_B k k —B—k k —A+B+k
=[ B )[I“LF] (I—A—B]

= (A _B)k exp (O (k¥ n?)),

where the implied constants depend on C and 6. With 4=N—h(T)and B=m—q(T),
we obtain from (4.1) and log (1 +uv)=u-+0u?

(452) = () exp (0021

where the implied constants depend on C; and ¢. This completes the proof.

5. Synthesis

By Lemmas 2 and 3,
T~ 4 LS g =,
T Ax\F)~—7 n,mrm ~ nql” = Ay, .
Vzno'n(") K w K 52 ! !

From Darboux’s theorem and Lemma 1, 4,(r)~n!(1+r)o="C(r). This is uniform
in r (recall the discussion after (3.2)). To complete the proof of Theorem 1, set r=y,

e=g(r), A=v, noting that v=—nw}yr/N~ —wy2r by (2.1) and (2.3), and that

(A+n¥rec) N¥ [+ ”lN] I
Varo, ()  4*(N—@)"%f(ie,r) | 2nNr q) of(Ae,r)’
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